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Abstract—The results presented in this paper follow the 

author’s research work in the heterogeneous random databases 

field. This particular type of database involves columns whose 

values are distributed according to different probability 

distributions. Usually, the data stored in a random database are 

likely to be uncertain, so that the operations on these data have 

to be modified in order to consider approximations. In this 

paper, we present the research which led us to the Poisson 

estimation of the probability distribution of the cardinality of 

the result set of the approximate join operation. Then, we will 

approach the distribution of the cardinalities values of the result 

set of a ε-join operation by the means of a homogeneous 

bidimensional Poisson process. In this context, we will prove 

that the cardinalities follow this type of stochastic process. Thus, 

the algorithms for the simulation of the Poisson bidimensional 

process can be applied in the simulation of the cardinalities 

values of the approximate join’s result sets. 

 
Index Terms—Poisson distribution, poisson bidimensional 

stochastic process, random database, approximate join, 

simulation.  

 

I. INTRODUCTION 

The databases containing random or uncertain information 

are important in a diversity of research fields, like 

bioinformatics, medicine, physics, economy, communications 

and notably those fields where data might be measured by 

sensors. Usually, besides the uncertainty, these data are 

characterized by their big volume, as they are stored and 

processed in large databases and data warehouses. In such 

databases, the search and identification are performed by the 

approximate matching of the records, instead of the classical 

relational operations. 

In the context of queries which take place in high volumes 

of data, using an approximate version of the relational join, 

the optimization of this costly operation becomes very 

important. Due to the fact that, generally, a relational join 

operation is supposed to perform a cartesian product 

operation between the record sets of the relations involved in 

join [1], a useful approach for the optimization of this 

operator is to estimate the number of records resulting from 

each join and then order the rest of the operations adequately. 
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This means to order the join operations in the ascending order 

of the cardinality of their results sets. 

The first probabilistic approach to the random databases 

field considered relations in which the records are random 

vectors following a multidimensional probability distribution 

[2]. In the previous work, we defined the heterogeneous 

random databases [3] and established an estimation of the 

approximate join operation in this framework. Actually, the 

cardinality of the result of this operation is distributed poisson. 

In this paper, we will consider a new approach, regarding this 

result from the perspective of a bidimensional Poisson 

stochastic process, we will state and prove results in this 

context. This approach is important in the simulation of 

random databases, as there are algorithms that allow the 

simulation of this type of stochastic process [4]. 

In the second section of this article, we will present the 

main concepts and results we used in our research concerning 

the estimation of approximate join operation result set. The 

third section introduces the bidimensional Poisson 

perspective of this problem and the results we reached. The 

fourth section presents the algorithm for the simulation of a 

bidimensional Poisson stochastic process. Also, the algorithm 

for the simulation of a multidimensional Poisson stochastic 

process is presented, related to the generalization of the 

approximate join that we wish to realize in our future work. 

The article will end with a conclusion section. 

 

II. THE ESTIMATION OF THE APPROXIMATE JOIN RESULT 

SET’S CARDINALITY IN RANDOM DATABASES 

A. Concepts 

Consider a relation R in a random database. This structure 

can be regarded as a matrix with m rows (the tuples of the 

relation) and n columns (the attributes of the relation). The 

number n defines the arity of a tuple in the relation R [5]. 

Following the concepts in certain research papers in the 

databases field (e.g., [6]), the number of tuples in a relation is 

referred as the relation’s cardinality. 

In the research performed on random databases [2], [7], the 

notion of table, which is a multiset of tuples, was considered 

instead of the relation. In such a structure, the cardinality 

might be greater than the number of distinct tuples. 

Consider the set of all attributes U = {A1... An} in the 

relation R. For each subset A U , the projection 

corresponding to the j-th tuple t(j) = tU(j) is denoted by tA(j), 

for j = 1, ..., m. Each attribute Ai takes values in an associated 

domain 
iAD ; thus, the tuples’ values will belong to the 
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When needed, we will use the usual notations for the 

database specific operations [5]. Consider 

1 1( ( ), 1,..., )UT t j j m   and 
2 2( ( ), 1,..., )US s j j m   two 

tables with the domains 
1UD  and, respectively, 

2UD . We 

denote by |C| the cardinality of a finite set C. In the case of the 

equi-join operation, all the comparisons are equalities and we 

write 
A BT S , where |A| = |B|, 

1A U , 
2B U . The 

result of this operation is a table that contains concatenated 

tuples from T and S such that ( ) ( )A Bt i s j , for i = 1,…,m1 

and j = 1,…,m2. The attributes having the same name in the 

two tables are qualified by the table’s name.  

The approximate matching problems in random databases 

have been studied for the equi-join operation, whose 

definition was modified as follows. Consider d(x, y) a 

distance between two elements 
Ax D  and 

By D , where 

DA and DB are the projections of 
1UD  and 

2UD  on the 

attribute sets A and B, |A| = |B|, 
1A U  and, respectively, 

2B U . Suppose that DA and DB are subsets of a metric space 

on which the distance d is defined. 

Definition 1.[2] The values 
Ax D  and 

By D  are 

ε-close, ε ≥ 0, if d(x, y) ≤ ε. 

Consider the approximate join operation, denoted by 

A BT S , whose result is composed of the ε-close tuples 

according to the given distance. For the particular case ε = 0, 

we obtain the equi-join operation. 

Definition 2. Consider the tables T and S. The ε-join 

operation is defined as follows: 

join ε(R, S) = {( , ) | ( , ) }A Bx y R S d x y         (1) 

Denote by N = ( ( , ))N join R S   the cardinality of the 

result of the ε-join operation. 

B. Probability Distribution of the Approximate Join’s 

Cardinalities  

In order to estimate the distribution of the values N , we 

considered the concept of heterogeneous random table, in 

which different subsets of columns can follow different 

probability distributions. In this context, we proposed two 

methods of estimation [3]. 

The first method consisted of the generation of histograms 

for the join result of the considered random tables and then we 

applied the χ
2
 test [8] in order to determine if the cardinalities’ 

distribution is Poisson, as suggested by the obtained 

histograms.  

The second method to justify that the number of records in 

the result set obtained in a ε-operation on random tables 

follows a Poisson distribution was accomplished by the means 

of a Poisson approximation using the Stein-Chen method [9]. 

This method starts from a distribution  which we want to 

approximate by a simpler distribution . The simplicity refers 

to the possibility to simulate the respective random variables. 

The proof of the Poisson estimation of the cardinalities 

distribution was realized using concepts as entropy [10] and 

coincidence probabilities; the difference between the actual 

probability and the Poisson one was measured by the total 

variation distance [2]. 

Both approaches lead to the conclusion that the values N  

are distributed Poisson of parameter λ, where λ is the mean 

value of N . 

 

III. A BIDIMENSIONAL POISSON APPROACH TO THE 

APPROXIMATE JOIN IN RANDOM DATABASES 

In this section, we will approach the distribution of the 

cardinalities values of the result set of a ε-join operation by 

the means of a homogeneous bidimensional Poisson process.  

Consider the random tables T, S, whose attributes A and, 

respectively, B are involved in the ε-join condition. Naturally, 

these attributes have the same domain of values D. Suppose 

that the values of A and B follow a unidimensional probability 

distribution on the domain D. The type of the distribution is 

the same for each attribute and their parameters are equal. 

Without loss of generality, consider that the domains in 

which the attributes A and B take values are the intervals [0, L], 

respectively [0, M]. Consequently, the records in the ε-join 

operation result will correspond to points in the rectangle 

[0, ] [0, ]L M  .  

We will define the bidimensional Poisson process of 

intensity λ and we will show that the number of result records 

in the ε-join operation for sets formed by a single attribute 

follow a process of this type.  

Definition 3. ([11]) A process which consists of random 

points in a bidimensional plane is a Bidimensional Poisson 

process of intensity λ if the following conditions are satisfied: 

 

  

   

 

We will consider that the points in the rectangle are 

uniformly distributed. 

From the results we mentioned in section II.B, we know 

that the number of points ,N N    in the rectangle is 

distributed Poisson (λ), with the parameter λ specified before 

as the mean value of N . Let D be the area of the rectangle . 

From the uniformity hypothesis mentioned above, we can 

consider that the number of points in a rectangle of area C, 

included in the rectangle , is distributed Poisson of 

parameter 
C

D
   . 

Denote: 

 
D


  ,           (2)  

so that the number of points in a rectangle of area C is 

distributed Poisson of parameter C . Consequently, the 

conditions of the definition 3 are satisfied and we can state the 

following result: 

Proposition 1. The cardinality of a ε-join operation 

between the attributes A and B of the tables T, respectively S, 

with A and B following the same probability distribution, 

forms a homogeneous bidimensional Poisson process of 
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1) The number of points which appear in any region of area 

C is distributed Poisson of parameter λC.

2) The number of points which appear in disjoint regions 

are independent.



  

parameter   given in formula (2).   

A consequence of the proposition 1 is the establishment of 

a relation between m, ε and D. Suppose that the table S is 

decomposed in m tables Si, 1 i m  , each having a single 

record, on which one can find the value Bi of the attribute B. 

Thus, the join operation is decomposed in m join operations 

between the tables Si, 1 i m  , and the table T. Denote by 
iN  the number of records obtained after the join between Si 

and T, 1 i m  . 

From the previous considerations, we know that iN  is a 

Poisson random variable of parameter λi. We will suppose 

that the sets of result records obtained in the m join operations 

are disjoint. Then, the following relation takes place: 

1

m
i

i

N N 


          (3) 

From the property of the sum of Poisson variables, it is 

known that: 

1 1

( )
m m

i

i

i i

N Poisson 
 

         (4) 

From the relations (3), (4) and because Nε is distributed 

Poisson of parameter λ, it results that: 

1

m

i

i

 


          (5) 

From proposition 1, we obtain that: 

( ( ))i imas B           (6) 

From the relations (5) and (6), we obtain the following 

result: 

Proposition 2. Consider the ε-join operation between the 

attributes A and B of the random tables T, respectively S, and 

Bi, 1 i m  , the distinct values of the attribute B. Then: 

 
1

( ( ))
m

i

i

mas B








          (7) 

Because ( ( ))imas B  depends on ε and D






, 

proposition 2 provides the connection between m, ε and D. If 

we take into consideration the standard Lebesgue measure, 

then: 
3( ( ))imas B  ,        (8) 

so the relation (7) becomes: 

    3m D            (9) 

Taking into consideration the result from proposition 2, we 

can use methods of simulation of the cardinalities of these 

processes, based on the methods of simulation of the 

bidimensional Poisson processes. 

 

IV. SIMULATION OF A BIDIMENSIONAL POISSON PROCESS 

In the unidimensional case, it is known that the distances 

between the random points of the Poisson process of 

parameter λt, [0, )t  , are distributed exponentially of 

parameter λ. From this observation, it results the following 

algorithm (SIMPO) for the simulation of a k points trajectory 

of the homogeneous unidimensional Poisson process of 

intensity λ [4].   

The algorithm SIMPO produces the sequence 
1 2, ,..., kT T T  

which is a trajectory of the process Poisson(λ) on the interval 

[0, ) . In the second step of the algorithm, the simulation of 

the variable E can be done by the means of classical 

simulation methods, such as the inverse method or the 

rejection method [12]. 

Algorithm Simpo: Simulation of a Poisson Process 

Input: λ, k 

Step 1. i := 0; T := 0; 

Step 2. Repeat 

               Generate (1)E Exp ; 

               i := i + 1; : /i iT T E   ; 

             Until i = k. 

 

 

An algorithm for the simulation of a bidimensional Poisson 

process, derived from the previous algorithm, on the rectangle 

[0, ] [0,1]A t  , with the intensity λ, is the following [4]: 

 

Algorithm Simbpo: Simulation of A Bidimensional 

Poisson Process 

Input: k 

Step 1. Generate 
1 2, ,..., kT T T  a Poisson trajectory on [0, t]; 

Step 2. Generate 
1 2, ,..., kU U U  indepedant random 

variables, uniformly distributed on the interval [0, 1].  

Output: The points 
1 1 2 2( , ),( , ),..., ( , )k kU T U T U T , which 

determine a uniform Poisson process on A. 

 

 

In the previous algorithm, the value k is an integer value of 

selection of the random variable distributed Poisson of 

parameter λt. 

In our future work, we will generalize the approximate join 

operation to n tables. In this case, a multidimensional Poisson 

process will be needed in the simulation of the results’ 

cardinalities. The algorithm needed in this case can be built 

similarly to the previous SIMBPO; thus, one obtains an 

algorithm for simulating a uniform Poisson process of 

intensity λ on the n-dimensional interval 

1 2[0, ] [0, ] ... [0, ]nI T T T    . 

Denote 0

2

n

i

i

V T


  the volume of the (n – 1)-dimensional 

interval 1 2[0, ] ... [0, ]nI T T   , then we obtain the algorithm 

SIMPOMD above for simulating this type of Poisson process. 

The vectors obtained as output of the following algorithm 

are an implementation of the Poisson process of intensity λ on 

the k-dimensional interval I. The points 1( , )i i iQ X P , 

1 i k  , determine a uniform Poisson process of parameter λ 

on I. 
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Algorithm Simpomd: Simulation of a Bidimensional 

Poisson Process 

Input: k, λ 

Step 1. Generate the sequence 
11 12 10 ... kX X X    , 

which is a unidimensional Poisson process of parameter 

λV0 on the interval [0, T1], as follows: 

1.1 Initialize t := 0; k := 0; 

1.2 Repeat  

Generate (1)E Exp  

k := k + 1; :
E

t t


  ; 1

0

:k

t
X

V
 ; 

Until 
1 1kX T ; 

Step 2. Generate 
1 2, ,..., kP P P  independent points, 

uniformly distributed on I1.  

Output: 
11 1 1( , ),..., ( , )k kX P X P . 

 

 

V. CONCLUSION 

This article presented an approach to the problem of the 

estimation of the result set cardinality’s probability 

distribution in heterogeneous random databases’ approximate 

join operation. This problem was previously studied from the 

point of view of the estimation of the probability distribution 

of the result sets’ cardinalities. With the approach presented 

in this article, using the algorithms from the fourth section, we 

provided a method of simulating the cardinalities values in the 

approximate join operations.  
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