
  


 

Abstract—A key element of virtual product development is 

the modeling of production flows in form of process chains, 

which consist of processes that are executed either concurrently 

or consecutively. In practice, process chains can become very 

complex due to a high number of different processes and, thus, 

it is difficult for users to maintain an overview of the entire 

chain. This motivates the necessity to develop models that 

capture the properties of the individual processes as well as the 

dependencies between the processes of a process chain on a high 

level of abstraction. Such models also serve as the basis for 

various optimization problems, e.g., with respect to the energy 

usage of the entire process chain. This article proposes a model 

for the representation of production process chains and 

additionally shows how to check the consistency of a given 

process chain model. The modeling is based on a directed 

acyclic graph with a hierarchical structure. The properties of 

the processes and the workpieces produced are captured by 

annotations of the nodes and edges of the graph. The 

consistency check is based on rules that verify the global 

structure of the entire process chain, the coupling of processes, 

and the compatibility of process variants.  

 
Index Terms—Modeling, process chain, production process, 

verification.  

 

I. INTRODUCTION 

Virtual product development uses production process 

chains to plan and optimize production flows [1], [2]. Such a 

process chain consists of a sequence of production processes 

that need to be performed in order to produce a specific 

workpiece or part of a workpiece. Complex products and 

workpieces consist of many different parts where the 

production of each part can be described by a separate 

process chain. For some of the production processes there 

may be multiple alternative variants differing in process 

parameters, resource usage or the type of subprocesses to be 

performed. For example, a required part can either be 

produced by a turning process using a big raw workpiece or 

by welding multiple small raw workpieces. The global 

optimization for the entire product to be produced, e.g. with 

the goal to minimize the energy consumption or the number 

of required processes, has to consider all possible variants for 

all product parts. Thus, the optimization can become tedious 

and error-prone when done by hand. This motivates the 

necessity to provide IT support in form of appropriate 

software tools. 

These software tools have to be based on a suitable model 

for the representation of production process chains. Such a 

model has to capture the production processes to be 

performed with their associated parameters as well as the 
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dependencies between the processes. Currently, there exists a 

large variety of models to describe business processes (see 

e.g. [3], [4]) and workflows (see e.g. [5], [6]), but there is no 

model that is tailored to the specific needs of production 

process chains. 

In this article, we propose such a model, which supports 

the definition of process parameters such as the welding 

temperature, the required resources such as energy, and the 

properties of the input and output workpieces such as the 

workpiece geometry. The specification of the parameters and 

resources is flexible, such that a large variety of production 

processes can be supported and that the extensibility to future 

developments is ensured. The model also captures the 

dependencies between the processes, which restrict the 

possible execution order of the processes, and it also supports 

different process variants where each variant can consist of 

an entire process chain. To demonstrate the modeling of a 

production process chain, we use a real-world example 

developed in the context of the eniPROD® project [7]. Based 

on this model, many different optimization tasks can be 

performed, e.g., with respect to the energy usage of the entire 

process chain. 

To guarantee the consistency of a modeled process chain, 

it is important to identify possible errors like incompatible 

input and output of neighboring processes, incompatible 

process variants, missing processes, or dependencies between 

processes that prevent a feasible execution order. For this 

purpose, we propose a set of verification rules that check the 

global dependence structure, the correct coupling of 

processes and the correct use of process variants. These rules 

are formulated in a way that enables the use in software tools.  

The article is structured as follows. Section II defines the 

production process chain model. The modeling for an 

example process chain is discussed in Section III. Section IV 

shows how the consistency of a given process chain model 

can be verified and how the verification can be incorporated 

in the modeling. Related work is covered in Section V and 

Section VI concludes the article. 

 

II. MODELING OF PROCESS CHAINS 

This section defines a model for production process chains 

that incorporates both, the specific properties of the 

production processes and the dependencies between the 

processes. The model is based on directed graphs, see 

Subsect. II. A for the basic definitions from graph theory. The 

global structure of the process chain model is defined in 

Subsect. II.B, the process coupling in Subsect. II.C, and the 

modeling of process variants is covered in Subsect. II.D. 

A. Basic Definitions 

In the following, we define the notations and terms for 

directed acyclic graphs relevant to this article. 
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Definition 1 (Directed Graph) A directed graph   is a 

tuple         where 

   is a finite set of nodes and 

       is a set of directed edges. 

Definition 2 (Predecessors, Successors, Paths, Cycles) 

Let         be a directed graph. 

         denotes the set of all predecessors of a node 

   , i.e.,         {    |         . 

         denotes the set of all successors of a node 

   , i.e.,         {            . 

 A sequence           of     nodes is a path in graph 

 , if             for each          . 

 A path           is called a cycle, if        

 A directed graph without cycles is called acyclic. 

B. Modeling of the Process Chain Structure 

The dependencies between the production processes 

forming a process chain are modeled as a directed acyclic 

graph according to the following definition. 

Definition 3 (Process Chain Model) A production 

process chain model is a directed, acyclic graph         

with the following properties: 

 The node set   consists of a unique start node   without 

predecessors, a unique stop node   without successors 

and nodes     {     that represent the production 

processes of the process chain. 

 The edge set   includes a directed edge           

connecting the processes         if    produces an 

output required as an input for   . A process     is 

connected to the start node, i.e.        , if   requires a 

raw workpiece that is not produced by any other process 

of the process chain. A process     is connected to the 

stop node, i.e.,        , if   produces a final output of 

the process chain. 

The process chain model defines the execution order of the 

production processes. Processes connected by a path in the 

graph have to be executed one after another. Processes not 

connected by a path are independent of each other and can be 

executed concurrently as well as one after another in any 

order. The properties and parameters of the production 

processes are annotated at the corresponding graph nodes as 

explained in the following subsections. 

C. Modeling of the Process Input and Output 

The input of a production process consists of one or more 

workpieces, which are further processed and then outputted 

in a modified form. In the following, we will define a model 

for a single workpiece first and then consider the annotation 

of the utilized workpieces in the production chain model. 

Definition 4 (Workpiece) A workpiece   is modeled as a 

triple               with the following components:  

     defines the workpiece geometry; 

   specifies the workpiece temperature and 

 The property vector       is a set of pairs            

where      encodes a workpiece property and     

defines the corresponding value of the property. 

The specification of the geometry depends on the shape of 

the workpiece and can, for example, be the cylinder length 

and diameter of a cylinder-shaped workpiece. Complex 

geometries can be defined using CAD data [8]. The 

temperature can either be a scalar value or a feasible range of 

values. 

The additional workpiece properties defined by       

include, for example, the workpiece material and the surface 

conditions. Each property is specified by a pair consisting of 

an identifier and a value or a range of values. For example, 

the pair                       defines the workpiece 

material as steel of grade         The pair 

                               defines a feasible 

range of         for the roughness of the surface. 

The workpieces required and produced by a production 

process are annotated at the corresponding nodes in the 

process chain model according to the following definition.  

Definition 5 (Input and Output Workpieces) Let 

        be a process chain model. Each node     is 

annotated with two sets of workpieces: 

 The set of input workpieces       includes all 

workpieces required to perform process   and 

 The set of output workpieces        comprises all 

workpieces produced by process  . 

The raw workpieces of the process chain are annotated as 

the output of the unique start node  , i.e., as       , and the 

final result of the process chain is annotated as the input of 

the unique stop node  , i.e., as      . Additionally, the edges 

of the process chain model are annotated with the source and 

target workpiece as follows. 

Definition 6 (Source and Target Workpiece) Let 

        be a process chain model. Each edge   
          is annotated with two workpieces: 

 The source workpiece        is the workpiece produced 

by process   . 

 The target workpiece        defines the workpiece 

required to execute process    . 

The source and the target workpiece define the coupling of 

two processes connected by an edge          . The target 

workpiece defines all properties of a workpiece that are 

required to execute process     On the other hand, the source 

workpiece describes the properties of the workpiece as 

produced by process     For a correct process coupling, these 

properties have to match. But some of the properties of the 

source workpiece may be irrelevant for process   , and thus 

the target workpiece may define a different set of properties 

than the source workpiece. The target workpiece may also 

define a feasible range for some properties, whereas the 

source workpiece defines a specific value for this property. 

Some properties such as the workpiece temperature may also 

change due to storage between the two processes. 

D. Modeling of Process Variants 

Each production process in the process chain model has 

one or more variants that may differ in the required resources 

and parameters, e.g., the temperature used in a welding 

process, or which may consist of a different set of 

subprocesses. In the following, we discuss the modeling of a 

single process variant for a given process first and then define 

the annotation of the process variants in the process chain 

model.  

Definition 7 (Process Variant) Let         be a 

process chain model. A  process variant      of a process 

International Journal of Computer Theory and Engineering, Vol. 6, No. 4, August 2014

347



  

    {     is modeled as triple  

                   with the following components: 

 The resource vector RES is a set of pairs           

where     defines a resource and     the corresponding 

quantity of the resource. 

 The parameter vector       is a set of pairs 

            where       is an adjustable parameter 

and     the corresponding value. 

 The subordinate process chain    is either     (in this 

case     is called atomic) or       where    is a 

process chain model according to Def. 3 (in this case 

    is called composed). 

The resource vector     of a process variant defines the 

required resources comprising auxiliaries such as cutting oil 

or shielding gas, energies like electrical and thermal energy, 

and byproducts such as slivers and thermal discharge. The 

individual resources are modeled as pairs consisting of an 

identifier and a specific value or range of values. For example, 

the pair                            defines the use 

of compressed air with a pressure of        . 

The parameter vector       of a process variant 

captures all adjustable parameters like the welding speed or 

the forging temperature. The definition of a single parameter 

consists of an identifier and a value or a range of values.  

The third element of a process variant is the hierarchically 

subordinate process chain model   , which may represent an 

entire process chain. Composed process variants can be used, 

for example, if a product consists of multiple parts. In this 

case, the process on the upper level is the production of a part 

and the process chain on the lower level defines the 

production steps required to produce this part. Each 

composed process variant may include further composed 

variants. This results in a hierarchical structure of the entire 

process chain model with atomic process variants on the 

bottom level of the hierarchy. 

Definition 8 (Annotation of Process Variants) Let 

        be a process chain model. Each node     is 

annotated with the set         that comprises all variants 

for process    
For a process to be executable, there has to be at least one 

available process variant. The start and the stop node are not 

associated with process variants. In the next section, we 

illustrate the application of the process chain model to a 

fragment of a real-world production process chain. 

 

III. EXAMPLE 

The modeling of a production process chain is illustrated 

using a part of the process chain developed in the context of 

the eniPROD® project [7]. This partial process chain consists 

of welding round steel to form a shaft consisting of multiple 

fragments with different diameters and the successive turning 

of the shaft to produce the required geometry. 

The corresponding process chain model         is 

shown in Fig. 1. It consists of four nodes: the unique start and 

end nodes   and  , and the process nodes   and   that 

represent the welding and turning, respectively. For the sake 

of clarity, we restrict the example to a small number of 

resources and parameters for the process variants and provide 

only a selection of the workpiece properties. A real-world 

process chain model is considerably more complex. The 

properties, resources and parameters used in the example are 

summarized in Table I. 

 

 
Fig. 1. Nodes and edges of the example process chain model. 

 
TABLE I: IDENTIFIERS AND UNITS OF THE PARAMETERS USED IN FIG. 2 

Parameter Identifier Unit 

Workpiece material                

Burr thickness            

Lubricant              - 

Forming speed                       

Feed rate                 

Feed            

Cutting depth                     

Temperature    

Geometry     

 

The complete process chain model including the 

annotations is shown in Fig. 2. The model includes four 

different workpieces: the round steel   , the shaft produced 

by the welding process   , the input shaft of the turning 

process   , and the final shaft after turning   . The 

additional properties specified by      , are identical for 

all four workpieces, i.e., the workpiece material 

(            ) is deburred steel of grade        . 

Differences exist, however, in the workpiece geometry and 

temperature. 

The round steel used for welding has a length of       

and a diameter of     . These extents are specified using 

the two-element vector              . The geometry of 

the shaft after welding is defined using the six-element vector 

    , whose first element defines the shaft length and the 

remaining five elements define the diameters of the five shaft 

segments. The extents of the shaft change between welding 

and turning because the workpiece has been cooled down 

from a temperature between      and       to    . The 

turning process once again changes the extents of the shaft to 

the final values of the process chain. 

Each of the two processes has two variants. The welding 

process   has two atomic variants       and      , that 

differ in the forming speed. The first variant uses a forming 

speed of    
  

 
 whereas the second variant uses    

  

 
  

Both variants require lubricant of type             . The 

two atomic variants of the turning process (       and 

Start(

Stop(

Welding(

Turning(

)
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     ) differ in the feed rate, the feed, and the cutting depth. 

Both variants produce an identical output workpiece, which 

is the final result of the example process chain, i.e., is an input 

workpiece of the stop node. 

 
Fig. 2. Representation of a production process chain with two processes (welding and turning) as a directed graph with annotated workpieces (left hand side) 

and process variants (right hand side). 

 

IV. VERIFICATION OF A PROCESS CHAIN MODEL 

In this section, we define a set of rules to verify the 

consistency of a given process chain model. These rules 

belong to three categories: rules to check the consistency of 

the global structure, rules to check the consistency of the 

process coupling and rules to check the consistency of the 

process variants. In the following, we discuss these rules and 

show how to incorporate a consistency check in the modeling 

of production process chains. 

A. Verification of the Global Structure 

The following rules ensure a feasible global structure of a 

process chain model according to Def. 3.  

Definition 9 (Consistent Global Structure) A process 

chain model          is said to be consistent regarding 

the global structure, iff. the following five rules are fulfilled: 

1) (Start node) 

The start node     has no predecessor, i.e., there is no 

    with          

2) (End node) 

The end node     has no successor, i.e., there is no 

    with        . 

3) (Weak connectivity) 

Each process node     {     belongs to at least one 

path from the start node   to the end node  . 

4) (No cycles) 

The graph   is acyclic. 

5) (Hierarchy) 

Each process variant                    

⋃            is either atomic, i.e.,       , or PC is 

a process chain with a consistent global structure. 

The rules stated in Def. 9 imply the following: 

 Rules (1) and (2) guarantee that there is a unique entry 

and a unique exit point of the process chain at that the 

raw workpieces for the process chain need to be provided 

or the final result of the process chain is eventually 

available, respectively. These points are also required to 

check the consistency of composed process variants, see 

Def. 11. 

 Rule (3) ensures that there are no orphaned process nodes, 

i.e., nodes that do not need an input from the start node or 

nodes that do not produce a part of the final result of the 

process chain. 

 Rule (4) guarantees that there is at least one possible 

execution order of the processes, which does not violate a 

dependence defined by the graph edges. Such an 

execution order can be determined by using a topological 

sort of the graph   [9]. 

 Rule (5) is responsible for verifying the consistency of 

the entire hierarchy of the model, i.e., the consistency of 

all subordinate process chains defined by the composed 

process variants. 

B. Verification of the Process Coupling 

The following rules ensure that the output and the input of 

two processes connected by an edge are compatible. Using 

these rules, it is possible to identify missing processes in a 

process chain. 

Start( )

Welding( )

Turning( )

Stop( )

International Journal of Computer Theory and Engineering, Vol. 6, No. 4, August 2014

349



  

Definition 10 (Consistent Process Coupling) A process 

chain model          is said to be consistent regarding 

the process coupling, iff. the following four rules are 

fulfilled: 

1) (Process input)  

Each node     {   fulfills the inequality 

 

      ⋃    

         

(       )  

 

2) (Process output) 

For each node     {  , it is 

 

       ⋃              

         

 

 

3) (Workpiece properties) 

Each edge     with source workpiece        

                 and target workpiece        

                 fulfills the following two conditions: 

a) The workpiece geometry changes depending on the 

temperature change and the coefficient of thermal 

expansion    of the workpiece material. In case the 

geometry and temperature are specified by scalar values, 

the following holds: 

 

          (            )  
 

b) The temperature of the target workpiece is in-between the 

temperature of the source workpiece and the temperature 

of the environment     , i.e., for scalar temperature 

values, either            or             holds. 

4) (Hierarchy) 

Each process variant                    

 ⋃            is either atomic, i.e.,       , or    

is a process chain model that is consistent regarding the 

process coupling. 

The rules of Def. 10 imply the following: 

 Rules (1) and (2) ensure that all input workpieces of a 

given process are produced by predecessor processes and 

that each output workpiece of a process is used by at most 

one successor process, respectively. 

 Rule (3) guarantees that the workpiece properties of two 

processes connected by an edge are compatible. Since the 

specification of these properties is flexible (see Def. 4), 

only rules regarding the geometry and the temperature are 

included. Further rules have to be defined as part of the 

modeling, see Sect. IV.D. 

 Rule (4) is responsible for the verification of the entire 

hierarchy of process chains, i.e., all subordinate process 

chains defined by composed process variants. 

C. Verification of the Process Variants 

The following rules ensure that all variants of the same 

process require an identical input and produce an identical 

output. These rules identify incompatible process variants. 

Definition 11 (Consistent Process Hierarchy) A process 

chain model         is said to be consistent regarding 

the process hierarchy, iff. the following three rules are 

fulfilled: 

1) (Availability of process variants) 

For the start node   and the end node   it is         

         . For each process node     {     it is 

           

2) (Variant input and output) 

For each process node      {     and each 

composed process variant                 

            with        the following holds: 

              and               where    and    

are the start node and the end node of the process chain 

model   , respectively. 

3) (Hierarchy) 

Each process variant                    

 ⋃            is either atomic, i.e.,       , or    

is a process chain model that is consistent regarding the 

process hierarchy. 

The rules of Def. 11 imply the following: 

 Rule (1) ensures that each process is executable, i.e., 

there is at least one available process variant. 

 Rule (2) checks the compatibility of the composed 

variants with the corresponding process  . Each 

composed variant has to use the same input workpieces 

as    and produce the same output as  . 

Thus, this rule ensures the consistency of process chain 

models on different levels of the hierarchy.  

 Rule (3) guarantees that the first two rules are followed 

on all levels of the hierarchy. 

D. Modeling and Verification Steps 

This section describes the necessary steps to create a 

process chain model and its verification from the user's 

perspective. In practice, a specific process may be used in 

multiple different process chains. Therefore, IT support is 

recommended for the storage and management of modeled 

processes. Such a collection can provide a set of standard 

processes that can be extended and customized. This 

approach reduces both the effort and the error rate of 

modeling.  

Fig. 3 gives an overview of the modeling and verification 

steps. In the following the individual steps are described in 

detail. The creation of a process chain model begins with the 

specification of processes and their parameters. This includes 

the corresponding variants of the processes and the number of 

input and output workpieces. The properties required by the 

process chain model (for example the resource vector and the 

parameter vector of a process variant 

                   from Def. 10) initially only 

contain the corresponding identifiers. The appropriate values 

or ranges of values will be added later.   

Next, the dependencies between the processes are 

determined based on the input and output workpieces. The 

dependencies are modeled using a directed acyclic graphm as 

explained in Subsect. II.B. 

Based on the process parameters and graph structure, 

additional verification rules for the process chain considered 

are formulated. These rules complete the general rules of 

Subsections IV.A, IV.B and IV.C and provide an additional 

consistency check. For example such an additional rule can 

check, whether a given value is within the allowable range of 

values.  

International Journal of Computer Theory and Engineering, Vol. 6, No. 4, August 2014

350



  

Specification of 

the processes

Creation the 

process chain 

model

Definition of 

additional 

verification rules

Verification of 

the global 

structure

Adding 

workpiece para-

meter values

Verification of 

the process 

coupling

Adding process 

variant para-

meter values

Verification of 

the process 

hierarchy

c
o

n
s
is

-

te
n

t

c
o

n
s
is

-

te
n

t

c
o

n
s
is

-

te
n

t

X
not consistent

Model faulty?

y
e

s

no

not consistent

X
Model faulty?

X

n
o

yes

yes

n
e

in

Parameters 

faulty?

X
not consistent

Variants faulty?

n
o

yes

 
Fig. 3. Modeling and verification steps required to create a consistent process 

chain model. 

 

The consistency check starts with the verification of the 

graph structure according to the rules described in Subsect. 

III.A. Technically, the verification can be realized by two 

depth first searches [9] over the graph   that represents the 

process chain. One depth first search is performed in the 

direction of the graph edges starting with the start node and 

one depth first search is performed against the edge direction 

starting with the stop node.  

If the graph structure is not consistent because of a faulty 

model, the process chain model has to be revised. Errors in 

process chain models occur, for example, if processes are not 

integrated or dependencies are missing or incorrect. If no 

errors are found in this revision, the cause of the failed 

consistency check has to be an incomplete or faulty process 

specification. 

With a consistent graph structure the properties of the 

workpieces, i.e., the concrete values of the process 

parameters are determined and a review of the process 

coupling is performed, as described in Subsect. IV.B. The 

process coupling check examines the edges of the graph on 

which the output values of the respective predecessor process 

and the input values of the respective succession process are 

annotated. If the process coupling is non-compliant, it is 

checked whether the model or the detected values are the 

reason for this. A major challenge is to ensure the 

completeness of the values acquired, since the extent and the 

kind of the required values may not always be known initially. 

Thus, the revision of the process coupling may require 

multiple iterations consisting of the determination of the 

values and the corresponding consistency check.  

With consistent process couplings the process variants are 

added and the process hierarchy is designed, as described in 

section II.D. If the consistency check with respect to the 

process hierarchy fails, the process variants and possibly the 

process model has to be checked. If the entire verification is 

completed successfully (with the last step being the 

consistency check for the process hierarchy), the entire 

process chain model is considered consistent. 

 

V. RELATED WORK 

IT system support for the virtual product development 

mainly comes from product data management (PDM) 

systems [10]. There exist many different PDM systems where 

most of them are commercial and tailored to the needs of 

individual enterprises. As a consequence, currently there 

does not exist a widely accepted model for production 

process chains. A data model for the representation of the 

properties and parameters of single processes has been 

developed in [11]. This model is suitable for the integration 

into PDM systems, but does not capture the global 

dependence structure between the processes.  

Related work also comes from the modeling of business 

processes and workflows. Business processes describe the 

interaction of the various tasks performed by an enterprise or 

public administration with the goal to produce a certain 

product or to provide a public service. The corresponding 

business process models usually focus on the persons and 

departments responsible for the tasks, the cooperation 

between different departments and on the documents 

associated with the tasks. An example for such a model are 

event-driven process chains (EPC) [3] that consist of an 

alternating sequence of tasks and events where the events 

trigger the execution of the tasks, which in turn generate new 

events . From the technical point of view, an EPC is an 

annotated directed graph with different types of nodes. The 

consistency of an EPC can be verified using a set of rules that 

first require the transformation of a given EPC into an 

equivalent Petri net [12]. An alternative to EPCs is the 

graphic modeling language BPMN (Business Process Model 

and Notation) [4], which supports a large variety of different 

objects and interaction patterns between these objects. For 

example, these BPMN objects can represent processes and 

the interactions can be dependence relations between these 

processes. In contrast to EPCs and BPMN, the production 

process chain model proposed in this article is tailored to 

model production processes and the specific properties of 

these processes. Workflow languages such as XPDL [5] and 

WS-BPEL [6] focus primarily on the automated or 

semi-automated execution by a workflow management 

system. In contrast, our model focuses on the planning and 

optimization of production processes, i.e., the representation 

of different variants for processes with their associated 

properties. 

A mathematical optimization model with the goal to 

minimize the energy usage of a production process chain has 

been defined in [13]. A production process chain is modeled 

as a directed acyclic graph in which different process variants 

correspond to different paths in the graph. The underlying 

model does not capture workpiece properties, adjustable 

process parameters and resources apart from the energy as it 
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is supported by the model proposed in this article. 

 

VI. CONCLUSION 

In this article, we have defined an abstract model for 

production process chains and have illustrated the model 

using an example fragment from a real-world process chain. 

The process chain model is based on a hierarchical directed 

acyclic graph whose nodes and edges are annotated with the 

properties of the processes and of the workpieces used. The 

annotations are flexible in order to enable the definition of a 

large variety of different processes and to ensure the 

applicability for future production processes. The model also 

supports the definition of multiple variants for a production 

process that may differ in the energy or resource usage. Thus, 

the model can be used as a basis for optimizing the 

production, e.g., the selection of process variants that lead to 

a minimum overall energy use. We have also shown how to 

check the consistency of a given process chain model using a 

set of verification rules. These rules can be checked 

automatically and are therefore an important basis for the 

integration of the model in an IT system. 
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